Systems

Y. Orlov *, L. Belkoura f, J.P. Richard, and M. Dambrine *
September 9, 2002

Abstract

Synthesis of an adaptive parameter identifier is developed for linear dy-
namic systems with finitely many lumped delays in the state vector and
control input. These systems are governed by linear functional differential
equations with uncertain time-invariant parameters and delays. The state
of the system is assumed to be available for measurements. Constructive
necessary and sufficient conditions for the system parameters and delays
to be identifiable are provided. Once the parameter identifiability is guar-
anteed the simultaneous on-line identification of the system parameters
and delays is achieved by the adaptive identifier proposed. Theoretical
results are supported by numerical simulation.

1 Introduction

Adaptive identification, also referred to as on-line identification, assumes con-
struction of a model, parameters of which evolve in time and converge to the
unknown parameters of the plant. Many aspects of the adaptive identifier design
for lumped parameter systems are now well understood and due to the relative
simplicity of implementation and some degree of robustness with respect to
small perturbations of the plant dynamics, these identifiers found practical ap-
plications both by itself and as a part of an adaptive control system. There is
already a large body of literature on this subject. In this regard, we refer to
[1, 7, 12, 16, 22, 29] to name a few monographs.
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Recently [4, 6, 25], a general framework for Model Reference Adaptive Con-
trol (MRAC) of distributed parameter systems such as heat processes and me-
chanical oscillators with several unknown spatially varying parameters was pro-
posed. It was demonstrated that it is in principle possible to simultaneously
identify all the plant parameters both in the case of heat processes and that of
mechanical oscillators.

In comparison to the lumped and distributed parameter systems, adaptive
control of delay systems is not well-developed and has only recently been studied
in [5, 11, 32] within the framework of methods which do not seek to identify the
underlying uncertain process, but which seek its control only. In turn, the first
works [21, 31] on the identification of time-delay systems have demonstrated
complexity of the problem, particularly, the identifiability of a delay system
was shown to place a restrictive condition on the structure of the system. This
condition was defined through the characteristic matrix of the functional differ-
ential equation of the plant whereas no indication was given on how to attain
this condition using some accessible inputs.

In our recent works [3, 23, 24], constructively verifiable and enforceable con-
ditions for a linear delay system to be, in principle, identifiable have been given
in terms of the well-known weak controllability property and nonsmooth input
signals.

Once the identifiablity of the system is guaranteed, the task of the plant
identification can be carried out by a proper adaptive identifier design which
effectively utilizes the prior knowledge of the plant structure through its inclu-
sion into the reference model, whose parameters evolve in time and converge to
the unknown parameters of the plant.

In the present paper, we extend the Lyapunov-Razumikhin redesign tech-
niques, developed in [2] for a scalar delay system with the only delay in the
state, to general linear dynamic processes with delayed states and control in-
puts. These processes, also referred to as linear delay differential systems, are
governed by linear vector functional differential equations. As in the finite-
dimensional case, it is assumed that the structure of the underlying system is
known and only system parameters and delays are unknown. The state of the
system is also assumed to be available for measurement.

The adaptive identifier constructed is given in terms of functional differen-
tial equations, describing the evolution of the state estimate and the parame-
ter estimate. The structure of the identifier is inspired from the Lyapunov-
Razumikhin redesign techniques and has what is called the series-parallel con-
figuration. However, in contrast to the finite-dimensional treatment (cf. that of
[12, 22]), it becomes impossible to repeat the structure of the identified system
while system delays remain unknown. By virtue of this, the identifier needs to
involve a number of delays larger than that of the system, theoretically distrib-
uted delays, so that some estimated parameters correspond to a priori unknown
fictitious delays.

The justification of the convergence of the tunable parameters to their nom-



inal values is based on an extension to delay systems of the Krasovskii - La
Salle’s invariance principle [15, 17], given in [8]. For the coupled plant/identifier
system, a Lyapunov-Razumikhin function with a nonpositive time derivative
along the solutions of the system is constructed. This time derivative takes zero
values on a certain manifold in the state space. Applying a periodic sufficiently
nonsmooth input signal guarantees the absence of the nontrivial trajectories on
the manifold, thereby yielding the convergence of the tunable parameters to
their nominal values. In particular, the fictitious delays are carried out by the
vanishing tunable parameters.

Simulation of the adaptive identifier demonstrates favorable robustness prop-
erties against small uncertainties on the system delays. It comes from simula-
tion, too, that the convergence of the tunable parameters remains in force even
if a certain smooth sufficiently rich input signal is applied to the system.

The outline of the paper is as follows. Section 2 reviews some mathemati-
cal preliminaries for linear delay differential systems. The adaptive algorithm
of identification of the system parameters and delays is developed in Section
3. Section 4 supports theoretical results by numerical simulations. Section 5
presents the conclusions.

1.1 Notation

Notation is fairly standard. R"™ and C" are n-dimensional Euclidean spaces,
real- and complex-valued, respectively. C!(R") is the Banach space of [—times
continuously differentiable n-vector functions on (—o0,00), I > 0, the integer;
C®(R") = ;>0 C'(R™). La(a,b; R™) is the Hilbert space of n-vector functions,
square integrable on [a, b]. S* stands for the adjoint operator of S.

2 Preliminaries

In this section, we address some basic facts for linear time-delay systems gov-
erned by functional differential equations of the form:

&(t) = Xi_o[Aix(t — 1) + Biu(t — 1)), (1)

where z(t) € R" is a state vector, u(t) € R? is a piece-wise continuous control
input, 0 = 79 < 71 < ... < 7 are time delays, 4; € R"*" B, € R"*P, i =
0,...,r are matrix parameters. Since some matrix parameters might be zero,
without loss of generality we have assumed that system (1) has the same state
and input delays.

The above state equation is subject to the initial condition

z(—0) =¢(0), 0<0 <7, (2)

which is assumed to be of class C*°. It is well-known (see, e.g., [9, 14]) that
given ¢(6) and U(t) = X7_yB;u(t — 7;), there exists a unique solution of (1)



subject to (2). This solution is given by
t
xt:S(t)Lp—i—/ S(t — s)Usds (3)
0

where Us(0) = U(s — 6) is a function of the argument 6 € [0,7,]; S(¢) is a
Co-semigroup on the Hilbert space R™ x Lo (0, 7,.; R™). If the linear system (1)
is asymptotically stable under v = 0 then the semigroup S(t) is exponentially
stable. Just in case the Lyapunov-Krasovskii functional

Viz) =< Wz,z >,

defined by means of the inner product < -,- > in R"™ X Ly(0,7,; R™) and the
operator

W = / S*(t)S(t)dt, (4)
0
has the negative definite time derivative
V(t) = — < a2 >

along the trajectories of the homogeneous (u = 0) system (1). In addition, if the
function u(t) is periodic, the steady-state behavior of the system is a periodic
orbit of (1) given by

2 = /t S(t — s)Usds. (5)

Along with the delay differential system (1), we shall also consider its rep-
resentation

i(t) A(N)z(t) + B(Au(?), (6)

W = COal) ™

over the ring R[A] of polynomials in a vector variable A = (A, ..., ;)T with
real coefficients (see [30] for details). Hereinafter k is the maximal number of
non-commensurable delay units 7y, ...,m%, ¢ = 1,...,k in (1) and Ay, ..., \; are
fixed delay operators (\;z)(t) = x(t — 7;) of these non-commensurable units.

Recall that units 7, ..., are commensurable if there exist integers o, ...,
oy, such that Zle a;m; = 0 and Zle a? # 0 and, respectively, 11, ..., N are not
commensurable if Z§:1 a;n; = 0 with integers g, ..., a implies that zle a? =
0.

In representation (6), (7) z(-), u(-), and y(-) take values in the free finitely
generated modules R™[\], RP[)\], and R%[A] of n x 1, p x 1, and ¢ x 1 R[A]-
matrices (i.e., matrices whose entries are polynomials in ) ), respectively.

The general weak controllability concept is similar to that introduced in [20]
for particular commensurable delay systems.



Definition 1 System (1) is said to be weakly controllable or controllable over
the field R(\) of rational functions in the vector variable A with real coefficients
if there exists a rational feedback control law

u(z(t),z(t — 1), 2t +11),...,2(t — 1), 2(t + 1), x(t — 2711), 2(t + 2711),...)

driving the system from an arbitrary initial state o € R™[)\] to an arbitrary
element of the module R™[A].
In matrix terms system (1) is weakly controllable iff

rank[B(A) | AANB\) | ... | A" YNBW)] =n (8)
over R[)], or equivalently
rank [B(2) | A(z)B(2) | ...| A" Y(2)B(2)] =n 9)

for some z € C*.
The concept of the system identifiablity is based on the comparison of system
(1) and its reference model

i(t) = O1_o[Ai(t — 7)) + Biu(t — )], (10)

in which the system parameters A;, B;, C; and delays 7;, i = 0, ..., r are replaced
by A;, B;, and 7;, ¢ = 0,...,7, respectively. Throughout, the reference model
(10) is subject to the initial condition

Z(—0) = ¢(0), 0 <0 <1, (11)
of class C'*°, and symbol (A) stands for the corresponding model variables.

Definition 1 System (1) is said to be identifiable if there exists a control input
u(t) such that the identity x(t) = &(t) results in

7’:72, Ti:ﬂ‘, Al:Al, BZZBZ fOTiZO,...,T,

regardless of a choice of the initial functions p(6), $(0). In that case the identi-
fiability is said to be enforced by the control input u(t).

The time-delay system (1) is in principle identifiable if and only if this sys-
tem is weakly controllable. Identifiability of the system parameters and delays
can then be enforced by applying to the system a sufficiently nonsmooth signal.
These signals are constructively introduced by imposing the state of the sys-
tem and the system input to have different smoothness properties (rather than
different frequencies as is typically the case in the finite-dimensional theory).



Definition 2 An input signal u(t) is piece-wise regular on [—T,.,00) iff there
exists an increasing sequence {tj}]‘?‘;l of time instants —1, = t1 < ta < ...
with imj_,o t; = 00 such that u(t) is of class C>(tj,t;41) on each subinterval
(tj,tjx1), 7 =1,2,... and its I-th order derivative ul)(t) has finite unilateral
limits at the points t; for alll =0,1,..., i.e., u(t+) = limy_¢; + uD(t) < oo and
u(t—) = lime_s,— uD(t) < oo.

Definition 3 A piece-wise regular input signal u(t) is said to be sufficiently
discontinuous for system (1) and its model (10) if the following conditions are
satisfied:

1. The set D of discontinuity points tj, j =1,2,... of u(t) contains a subset
Dy C D which consists of at least (p + k + k) non-commensurable points.

2. The jumps oy = u(t+) —u(t—) at arbitrary p pointst,, € Do, 1 =1,2,...,p
form a matriz of the full rank, i.e.,

rank [O'tm yenn ,(rt“p] =p. (12)

For ease of reference, the above conditions 1 and 2 are further referred to
as the non-commensurability condition and the rank condition, respectively.
Apparently, the rank condition does not relate to the plant equations whereas
the non-commensurability condition explicitly utilizes the maximal number k
of non-commensurable system delay units (as well as that k of the model) that
can be unrealistic from a practical standpoint. To avoid this drawback one
can modify the non-commensurability condition by requiring the set Dy to
consist of countable number of discontinuity points of u(t) so that both the
non-commensurability condition and the rank condition can be verified inde-
pendently of any underlying system. This feature allows us to subsequently
ignore the underlying system and its model while constructing a sufficiently
rich control input.

By definition, in order to construct a sufficiently discontinuous input signal
one should, firstly, select a sufficient number of non-commensurable discontinu-
ity points t;, j = 1,2,... (in particular, p points for non-delay systems when
k = 0), secondly, construct corresponding input jumps o; which satisfy the
rank condition, and thirdly, impose a smooth behavior on the input signal be-
tween the discontinuity points, while the prespesified input jumps are provided
at these points.

The ability of construction of sufficiently many vectors o; € R? j =1,2,...,
which satisfy the rank condition, is demonstrated as follows. Construction of p
such vectors o; j = 1,...,p, as a matter of fact, consists in specifying a basis
Q = {e;}}_, in the Euclidean space R?. Since the union %, = UR,, .. ., , C
R? of all (p— 1)-dimensional subspaces R, ..., , C R? spanned by arbitrary
p — 1 basis vectors 0,, € Q, i = 1,...,p — 1 is of zero measure, it is always



possible to find a vector 0,11 € RP which does not belong to ¥,,. It follows that
p+ 1 vectors 0; 5 = 1,...,p+ 1, thus constructed, satisfy the rank condition
as well. An arbitrarily large number of vectors, satisfying the rank condition, is
then obtained by iteration.

It is important from a practical standpoint to extend Definition 4 to the case
when system (1) is enforced by a continuous input signal, in particular, when
the infinite slop of a sufficiently discontinuous input signal is approximated by
a finite one.

Definition 4 A piece-wise regular input signal u(t) of class C',1 > 1 is said to
be sufficiently nonsmooth if its I-th order time derivative uV)(t) is a sufficiently
discontinuous input signal.

For the later use, the following result is extracted from [3, 23, 24].

Theorem 1 The time-delay system (1) is identifiable if and only if it is weakly
controllable. Moreover, if (1) is weakly controllable then the identifiability can
be enforced by any sufficiently nonsmooth control input u(t).

Restricted to non-delay systems, the above result is straightforwardly related
to the classical results on parameter identifiability. Indeed, the weak controlla-
bility of a non-delay linear dynamic system is nothing else than its controllability
whereas sufficiently nonsmooth input signals, expanded into appropriate Fourier
series, are known [19] to have enough frequencies and hence be sufficiently rich.

Furthermore, in analogy to the non-delay case [19], one could hopefully in-
troduce a sufficiently rich input signal which would be independent, in a certain
sense, on the state vector in the time-delay case as well. In the sequel we demon-
strate, with the help of simulations, that all of the system parameters and delays
are identifiable even if a smooth sufficiently rich input signal is applied to the
time-delay system.

3 Adaptive Identifier Design

Once the identifiability of system (1) is guaranteed, the task of the identification
of the unknown matrix parameters A;, B;,i =0,...,rand delays 7, j =1,...,r
can be carried out by the adaptive identifier proposed below. Throughout this
section, the unforced delay system (1) is assumed to be asymptotically stable
under u = 0. For a moment the time delay values 7;, j =1,...,r are assumed
to be known a priori.

3.1 Identifier Synthesis with the Apriori Known Delays

Let G € R™*"™ be a Hurwitz matrix and let P,Q € R™ " be positive definite
symmetric matrices such that

GTP+ PG = —Q.



The following identification law is then proposed in order to identify the matrix
parameters A;, B;, 1 =0,...,r:

T

2(t) = Bi_g[Asx(t — ) + Biu(t — ;)] — GAx(t), t >0,
() = (0), 0< 0 <7, (13)

A; = FPAz(t)2”(t — 1), Ai(0) = A2,
B; = & PAz(t)u (t — 1), B:(0) = BY (14)

P —0N - 2 N 2

where A? € R, B? € R™"*™, the state error Ax(t) = x(t) — &(t), the initial
function ¢(0) is of class C°, the adaptation gain matrices F;, ®; are positive
definite and of appropriate dimensions. This law is derived from Lyapunov
redesign technique arguments [12, 22|, which are now extended to time-delay
systems.

The identification law, as shown below, ensures the convergence

tlim Ax(t) =0, tlim AA;(t) =0, tlim AB;(t)=0,i=0,1,...,r (15)

of the state error Az(t) and the parameter errors AA;(t) = A; — Ai(t),AB;(t) =
B; — B;(t) for arbitrary adaptation gains, initial conditions and periodic input
signals, enforcing the identifiability of the system.

Theorem 2 Let the following conditions be satisfied:

1. the time delay values 7;, j =1,...,r are known a priori;

2. system (1) is identifiable and its unforced version under u = 0 is asymp-
totically stable;

3. the control input u(t) enforces the system identifiability and it is periodic.

Then the limiting relations (15) hold with the adaptive identification law (13)
and parameters A;(t) and B;(t), i =0,...,r tuned as (14).

Proof of Theorem 2 Let us represent the over-all system (1), ( 13), (14)
in terms of the output-parameter errors:

é(t) = i Aie(t — 7i),
Ai(t) = XI_o{AAile(t — 1) + 2(t — )] + ABu(t — 1)} + GAx(t),
AAi(t) = —F;PAx(t)[e(t — ;) + 2(t — 73)]T,

AB; = —®;PAz(t)u” (t —7;), i=0,...,r (16)

where e(t) = z(t) — 2(t) is the state deviation with respect to the periodic orbit
z(t) of (1) which is given by (5).



Now let us prove that (16) is globally asymptotically stable. For this purpose,
we introduce the Lyapunov functional

V(e,Az,AAy,...,AB)) =< We,e > +Ax’ PAx +
Toltr(AAT FTYAAL) + tr(AB 7 AB;))] (17)

where tr denotes the trace of a matrix, W is defined by relation (4) with the
exponentially stable semigroup S(t) of the former equation of (16). The compu-
tation of the time-derivative of the Lyapunov functional V' along the trajectories
of (16) yields )

V(t) = — <erer > — Azt (1) QAx(t).

Although this time-derivative is only negative semidefinite, giobal asymptotic
stability of (16), the right-hand side of which is apparently time-periodic, is
established by invoking the extension of the Krasovskii - LaSalle’s invariance
principle to delay systems. Such an extension, given in [8] for time-invariant
delay systems, admits a straightforward generalization to the periodic case,
similar to the one obtained in [28] for non-delay systems.

According to the invariance principle, there must be a convergence of the
trajectories of (16) to the largest invariant subset of the set of solutions of (16)
for which V' (¢) = 0, or equivalently

e(t) =0, Az(t) =0. (18)

The manifold of (18), however, does not contain nontrivial trajectories of
(16). Indeed, if (18) is in force, then taking into account (14), it follows that

Ait) =0, Bi(t) =0, i =0,...,r (19)
In turn, coupled to (16), relations (18), (19) result in
i—olAA; x(t — ;) + ABju(t — 13)] =0
which by identifiability of (1) (cf. Definition 1) implies that
AA; =0, AB; =0, i=0,....r

Thus, by applying the invariance principle system (16) is globally asymptot-
ically stable and the required identifier convergence (15) is concluded. Theorem
2 is proven.

Remark 1 Since the Krasovskii - LaSalle’s invariance principle is not applica-
ble to a general nonautonomous system [13] the periodicity condition imposed
by Theorem 2 on the input signal can not be omitted. However, the assertion
of Theorem 2 remains true if a periodic input signal u(t), enforcing the sys-
tem identifiability, is replaced by a non-periodic one which saves the invariance
principle (examples are almost-periodic signals and asymptotically autonomous
signals [15]).



Remark 2 If some plant parameters are known a priori then the corresponding
identifier equations can be omitted.

The above parameter identifier is subsequently shown, by a way of simu-
lation, to have a favorable robustness property against small uncertainties on
the time delays. This property and Theorem 2, coupled together, allow one to
simultaneously identify, with a certain precision, all the matrix parameters and
the delays of the system.

3.2 Identifier Synthesis with the Apriori Unknown Delays

The following identifier design procedure is proposed when knowledge of the
delay values is no longer available.

On the first step system (1) is modeled as an uncertain system with a priori
known delays 7;, ¢ = 1,...,7 closely located to each other:

|7A'i—7A'i_1|<€, i1=1,...,7 (20)

where € > 0 is an identification precision. Since the earlier-obtained identifi-
ability conditions do not depend on the commensurability of the delay values
the model delays 74, ..., 7 can uniformly be distributed over the time interval
[0, h] with h > 7, being an upper estimate of the system delays. Certainly, in
order to ensure the prescribed precision, the number 7 of the model delays is se-
lected large enough so that some model matrix parameters (unknown, however,
a priori) correspond to fictitious delays.

After that a parameter identifier (13), (14), being constructed for the afore-
mentioned model, completes the design procedure. Indeed, by Theorem 2 the
identifier parameters converge to the corresponding model parameters and due
to the robustness of the identifier against small uncertainties on the delay values
these parameters approximate those of the system whereas vanishing identifier
parameters (i.e., those converging to zero as t — oo) carry out fictitious delays.

In fact, the above procedure is nothing else than a discrete realization of the
following adaptive identifier with a distributed delay:

) = /0 " Ea(t, O)x(t — 8) + Ep (. B)ult — 8)]d6 — Glalt) — F(1)], t > 0.
H—0)=3(0), 0<6<h, (21)

£4(t,0) = F(0) Pla(t) — &))" (t - 0), £4(0,6) = E(0),

Ep(t,0) = B(O)Pla(t) — &(0)u” (¢ — 0), dép(0,0) = E3(6) (22)

where the initial conditions @ (6), df%(@), dé% (8) are smooth functions of appro-
priate dimensions, the adaptation gain matrix functions F(8), ®(6) are continu-
ous, everywhere positive definite, and of appropriate dimensions, the matrices P
and G are the same as before. In order to make the sense of the tuned functions
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£a(t,0),€p(t,0) clear one should represent the state equation (1) in a similar
form

h
f@%:A[&d@dt—®+£3wwﬁ—9ww,t2& (23)

where the distributions 4(0) = XI_,A4;6(0 — 7;),&{(0) = Ei_yB;6(6 — 7;) have
a one-to-one relation to the system parameters and delays, 6(t — 7) is a Dirak
function, atomized at t = 7.

The identification law (21), (22) is shown to guarantee the state error con-

vergence
Jim [l#(t) — (t)]| =0 (24)

as well as the weak* convergence
* = tlig)lo gA(t, 9) = 5A(6)7 * — tliglo gB(t7 0) = 53(0) (25)

of the tuned distributions to the nominal ones for arbitrary adaptation gains,
initial conditions and periodic input signals, enforcing the identifiability of the
system. Since the weak™ convergence (25) ensures that

tlim Ea(t,0) =0, forall #7, i=0,...,r (26)
and
Tite | Tite |
lim £a(t,0)d6 = A;, lim £p(t,0)d0 = B;,v=0,...,r (27
t—oo Ti—E& t—oo Ti—E&

for all intervals (1; — e, 7; + €),e > 0 with the only delay value 7; inside, the
identifier (21), (22) yields the nominal parameters and delay values as t — oo .
Summarizing, the following result is obtained.

Theorem 3 Let the time delay values 7;, j = 1,...,r be unknown a priori
whereas Conditions 2 and 3 of Theorem 2 be satisfied. Then the limiting rela-
tions (24), (25) hold with the adaptive identification law (21) and distributions
Ea(t,0),E5(t,0) tuned as (22).

Remarks 1 and 2 apply here for the identification of unknown delays as well.

4 Simulation Results

Performance issues of the adaptive identifier were studied by simulation of a
scalar system

&(t) = apx(t) + arz(t — 7)) + bou(t), z,u € R (28)

11



with a single delay in the state. Apparently system (28) is weakly controllable
if and only if by # 0. Thus by Theorem 1 system (28) with by # 0 turns out
to be identifiable and its identifiability is enforced by a sufficiently nonsmooth
control input. If, in addition, the unforced system (28) subject to u = 0 is
asymptotically stable (ag < 0, ag+|a1| < 0) then the parameters of the system
can be identified via the proper adaptive identifier design.

Applied to system (28), identifier (21) (22) is discretized as follows:

B(t) = S_glase(t — 7:) + bu(t — 7)] + aAz(t), t >0, (29)
. (ALZ = ,BZ'AZL‘(t)ZL‘T(t — 7A'Z),
lA)i = %A:c(t)uT(t — 7A'i), i1=0,...,7 (30)

where the identifier delays satisfy the prescribed precision (20), a > 0, 3; >
0, v >0, ¢ =0,...,7 are adaptation parameters. If the structure of the
system as well as the state delay 7 would be known a priori then the identifier
equations could be simplified as follows:

#(t) = apx(t) + arx(t — 1) + bou(t) + aAz(t), t >0, (31)
G0 = BoAr(t)a” (1), a1 = BrAx(t)a” (8 ),
bo = voAz(t)u’ (t). (32)

In the simulation, performed with MATLAB/SIMULINK 3.0, the following
parameters

ap=-15,a;=05,bp=1, 71 =1 (33)

of the system were selected. The initial distribution of the system and that of
the identifier as well as the initial conditions of the tunable parameters were set
to zero:

z(t) = &@)=0 forallt<0,
a;(0) = 0, b;(0)=0,i=0,...,7

All of the adaptation parameters were set to eight.

We simulated two cases for identifier (31), (32), an ideal case with no un-
certainties on the state delay, and a mismatched case with an approximate
knowledge of the state delay. In these simulations two kinds of input signals,
discontinuous square waves and smooth sine functions, were utilized. The sim-
ulation results are depicted in Figures 1-4.

Figures 1 and 2 compare the performance of the identifier in regard to
whether sufficiently or insufficiently discontinuous and, respectively, rich input
signals are applied to the identified system (28). From these figures the required
convergence

st = VBT BT TR o
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of the parameter errors

Aao(t\) =agp — do(t), Aal(t) =aj] — dl(t), Ab()(t\) = b() — bo(t)
is only concluded for sufficiently discontinuous and sufficiently rich input sig-
nals whereas the tunable parameters appear to converge to wrong values while
applying insufficiently discontinuous and insufficiently rich input signals.

For the sake of comparison, different sufficiently discontinuous and suffi-
ciently rich input signals were applied. From Figures 1 and 2 better identifier
performance is concluded for the sufficiently discontinuous and sufficiently rich
input signals with a greater number of incommensurable discontinuity points
and that of frequencies, respectively.

In the numerical simulations, made for the parameter identifier (31), (32)
in the mismatched case, the following model delays 7y = 1.01 and 7, = 1.1,
both mismatching to that (33) of the system, were selected. The simulation
results, shown in Figures 3 and 4, demonstrated strong robustness properties of
the parameter identifier against potential uncertainties on the system delays.

These properties support the identification of the system delays by construct-
ing the parameter identifier (29), (30). In our simulation we have simplified this
identifier by setting

F=2 7 =101, 7 =11, by =by =0

and omitting (see Remark 2) the equations corresponding to the parameters
31, bo. As shown in Figures 5 and 6, the tunable parameters converge to their
nominal values. However, compared to the implementation of the sufficiently
discontinuous square wave input signal (Fig. 5) we have needed to apply one
more frequency while implementing a combination of sine input signals (Fig. 6)
to ensure its sufficient richness for the identification of the additional parameter
as. To explain this one should take into account that, in contrast to a finite
combination of sine signals, a nonsmooth (particularly, discontinuous) input
signal, expanded into Fourier series, contains infinitely many frequencies.

It is concluded from Figs. 5 and 6 that the only parameter as(t) becomes
neglectable as t — oo thereby establishing a fictitious delay 7o = 1.1 and ap-
proximately identifying another delay value 75 = 1.01.

5 Conclusions

This paper presents on-line parameter identification of linear dynamic systems
with finitely many delays in the states and inputs. It is assumed that the
structure of the underlying system is known and only system parameters and
delays are unknown. The state of the system is also assumed to be available for
measurement.

Such a system is in principle identifiable if and only if it is weakly control-
lable. This constructively verifiable identifiability condition is combined with
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constructively enforceable sufficiently nonsmooth input signals into a practi-
cal framework for adaptive identification of the linear time-delay systems with
unknown parameters and delays. The adaptive identifier of the system parame-
ters and delays is represented as error systems, describing the evolution of the
state error and parameter errors. The error systems take the form of functional
differential equations with distributed delays. To guarantee the existence of a
unique zero steady state for the parameter errors sufficiently nonsmooth peri-
odic signals are constructed independently of any particular underlying system.
If such a signal is applied to the system, the tunable parameters in the adaptive
identifier are shown to converge to their nominal values. Theoretical results are
supported by numerical simulation made for a scalar linear differential system
with the only delay in the state and four unknown parameters, including the
value of the state delay.
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Fig. 1. Performance comparison for sufficiently and insufficiently
discontinuous input signals: Plots of J(t) for the square wave inputs with the
frequencies a) wy = 0.3, we = 0.7 and the corresponding amplitudes My =
My =5 (solid line), b) wy = 0.3, wy = 0.7 and the corresponding amplitudes
M; =0, My =5 (dashed line), ¢) wy; = 1, we = 2 and the corresponding
amplitudes M7 = My = 5 (dotted line).
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Fig. 2. Performance comparison for sufficiently and insufficiently rich input
signals: Plots of J(¢) for the sine inputs with the frequencies a) w; = 0.3,
wg = 0.7 and the corresponding amplitudes My = My = 5 (solid line), b)

w1 = 0.3, wg = 0.7 and the corresponding amplitudes My = 0, My = 5 (dashed
line), ¢) wy =1, we = 2 and the corresponding amplitudes M; = My =5
(dotted line).
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Fig. 3. Robustness against uncertainties on the delays: Plots of J(¢) for the
square wave input with the frequencies wy = 0.3, we = 0.7 and the
corresponding amplitudes M; = M = 5, and the model delay a) 7, = 1.01
(solid line), and b) 71 = 1.1 (dotted line).
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Fig. 4. Robustness against uncertainties on the delays: Plots of J(¢) for the
sine input with the frequencies w; = 0.3, wo = 0.7 and the corresponding
amplitudes M7 = M = 5, and the model delays 7 = 1.01 (solid line) and

79 = 1.1 (dotted line).

20



T T T T T T T T T
o i
an
A i
An
v
2 1 L 1 1 L L 1 L L
4] £ 10 15 20 25 30 a5 40 45 50
T T T T T T T T T
a.h
1
054
o 1 L 1 1 L L 1 L L
[¥) E] 10 15 20 25 20 5 40 45 S0
05 M T T T T T T
ia(t) [}
05 1 L 1 | L L | L L
o 5 10 15 20 25 30 a5 40 45 50
2 T T T T T T T T T
byt
1
o 1 L 1 1 L L 1 L L
4] 5 10 15 20 25 30 a5 40 45 50

Fig. 5. Simultaneous parameter/delay identification: Plots of the tuned

parameters do(t), a1(t), as(t), b(t) for the square wave input with the

frequencies w; = 0.3, we = 0.7 and the corresponding amplitudes M; =
My = 5, and the model delays 71 = 1.01 and 75 = 1.1.
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Fig. 6. Simultaneous parameter/delay identification: Plots of the tuned
parameters do(t), ay(t), aa(t), bo(t) for the sine input with the frequencies
wy = 0.3, wy = 0.7 and the corresponding amplitudes M; = My = 5, and the

model delays 7y = 1.01 and 75 = 1.1.
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